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Spectral triples

Definition. A spectral triple is a triple pA,H,Dq consisting of a Hilbert
space H, a unital �-algebra A � BpHq and an essentially self-adjoint
operator D : H � DompDq Ñ H such that


 rD,as P BpHq, for all a P A,

 pD � iq�1 P KpHq.

Example. pC8pMq,L2pSMq,DMq, where

 M compact Riemannian spin manifold,

 SM spinor bundle,

 DM spin Dirac operator.

Theorem [Connes ’96-’13]. If pA,H,Dq is a commutative unital spectral
triple (+ extra structure and conditions), then

pA,H,Dq � pC8pMq,L2pSMq,DMq.
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Distance formula

Proposition [Connes]. Let M be a compact Riemannian spin manifold.
Then:

dMpx, yq � sup
∥rDM,f s∥¤1

|f pxq � f pyq|

Idea of proof.
“¥” follows from ∥rDM, f s∥ � LipdM

pf q.

“¤” by taking f pzq :� dMpx, zq.

Definition. Let pA,H,Dq be a unital spectral triple. Then the
Monge–Kantorovich distance on the state space SpAq is defined as

d∥rD,�s∥pµ, νq :� sup
∥rD,as∥¤1

|µpaq � νpaq|.
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Spectral truncations

[Connes–van Suijlekom ’20]

 Spectral triple pA,H,Dq.

 Obstruction on spectral resolution of D:
⇝ Spectral projection P � P2 � P� P BpHq.
⇝ Spectral truncation pPAP,PH,PDPq.

NB.

 PAP � BpPHq is an operator system:


 IPH P PAP,

 pPAPq� � PAP.


 States on PAP and distance d∥rPDP,�s∥ make sense.
Question. Do spectral truncations converge, as P Ñ IH?
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Examples


 Spectral truncations of T [van Suijlekom, Hekkelman].


 Spectral truncations of groups with polynomial growth [Toyota].


 Peter–Weyl truncations of compact groups [Gaudillot-Estrada–van
Suijlekom].


 Fourier truncations of T [van Suijlekom].


 Fourier truncations of ergodic coactions of compact matrix quantum
groups [Rieffel].
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Background: Compact quantum metric spaces
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Compact quantum metric spaces

Definition. An (extended) seminorm LX : X Ñ r0,8s on an operator system
X, such that DompLXq :� tx P X | LXpxq   8u is dense in X, LXpx�q � LXpxq, for
all x P X, and LXp1Xq � 0 is called a slip-norm. It is a lip-norm, if the
induced Monge–Kantorovich distance

dLXpϕ, ψq :� sup
LXpxq¤1

|ϕpxq � ψpxq|

on SpXq metrizes the weak�-topology.

Definition [Rieffel]. An operator system X with a lip-norm LX is called a
compact quantum metric space (CQMS).

Definition. Let pX, LXq, pY, LYq be CQMS. A morphism is a ucp map Φ : X Ñ Y
such that LYpΦpxqq ¤ CLXpxq.
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Gromov–Hausdorff distance

Let pX, LXq, pY, LYq be compact quantum metric spaces.

Definition [Connes–van Suijlekom]. The Gromov–Hausdorff distance is
distGHppX, LXq, pY, LYqq :� distGHpSpXq,SpYqq

:� inf
d metric on SpXq\SpYq

distd
HpSpXq,SpYqq.
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Quantum Gromov–Hausdorff distance

Let pX, LXq, pY, LYq be compact quantum metric spaces.

Definition. A lip-norm L on X ` Y is admissible if L|X � LX and L|Y � LY .

Definition [Rieffel]. The quantum Gromov–Hausdorff distance is

dist
q

GHppX, LXq, pY, LYqq :� inf
L admissible

distdL

H pSpXq,SpYqq.

Remark. distGH ¤ dist
q

GH. But the distances distGH and dist
q

GH are not
equivalent [Kaad–Kyed ’23].
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Complete Gromov–Hausdorff distance

Let pX, LXq, pY, LYq be compact quantum metric spaces.

Definition [Kerr–Li]. The complete Gromov–Hausdorff distance is

distsGHppX, LXq, pY, LYqq :� inf
L admissible

sup
nPN

distdL,n

H pSnpXq,SnpYqq.

Remark. distGH ¤ dist
q

GH ¤ distsGH.

Theorem [Kerr]. Assume that the lip-norms LX, LY are closed (i.e. Dom1pLq
closed in Xsa). Then distsGHppX, LXq, pY, LYqq � 0 if and only if there is a
bi-lip-isometric unital complete order isomorphism X Ñ Y.

Theorem [Kerr–Li]. The set of isometry classes (appropriately defined
using closures of lip-norms) of compact quantum metric spaces with
distsGH is a complete metric space.
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Control of complete Gromov–Hausdorff
distance

Proposition [Rieffel ’04, (Kerr ’03), van Suijlekom ’21, Kaad–Kyed ’22]. Let
pX, LXq and pY, LYq be CQMS, ε ¡ 0. Suppose that there are lip-norm
contractive morphisms τ : X Ñ Y and σ : Y Ñ X such that

}στpxq � x} ¤ εLXpxq and }τσpyq � y} ¤ εLYpyq.

Then distsGHppX, LXq, pY, LYqq ¤ ε.
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Peter–Weyl truncations of compact quantum groups
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Peter–Weyl truncations of compact
groups


 G compact group with bi-invariant metric
dppg,phq � dpgp,hpq � dpg,hq.


 Wgξphq :� ξpg�1hq, Vgξphq :� ξphgq, for all ξ P L2pGq, g,h P G.

 Actions of G on CpGq � BpL2pGqq:

λgMf :� WgMf W�
g � Mf pg�1�q, ρgMf :� VgMf V�

g � Mfp�gq


 Wg, Vg are block-diagonal for Peter–Weyl decomposition:

L2pGq �
à
γPpG

Hγ b Hγ


 PΛ P BpL2pGqq orthogonal projection to L2pGqΛ :�
À

γPΛ Hγ b Hγ , for
Λ � IrrpGq (finite).
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Peter–Weyl truncations of compact
groups


 Set CpGqpΛq :� PΛCpGqPΛ � BpL2pGqΛq.

 The Lipschitz constant can be recovered using the actions λ, ρ:

Lippf q � sup
g�h

}λgpf q � λhpf q}
dpg,hqlooooooooooomooooooooooon
�:}f}λ

� sup
g�h

}ρgpf q � ρhpf q}
dpg,hqloooooooooomoooooooooon
�:}f}ρ


 Setting } � }λ,ρ :� maxt} � }λ, } � }ρu makes sense on BpL2pGqq.

 The restriction of } � }λ,ρ to CpGqpΛq defines a Lip-norm.

Theorem [Gaudillot-Estrada–van Suijlekom]. The net of metric spaces
pSpCpGqpΛqq,d}�}λ,ρqΛ�IrrpGq,|Λ| 8 converges to pSpCpGqq,d}�}λ,ρq in
Gromov–Hausdorff distance.
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Compact quantum groups

Definition [Woronowicz]. A compact quantum group is a separable unital
C�-algebra A (“� CpGq”) together with a unital �-homomorphism
∆ : A Ñ A b A such that


 p∆b IAq∆ � pIA b∆q∆,

 spanpp1A b Aq∆pAqq � spanppA b 1Aq∆pAqq � A b A.

Examples.

 G compact group, A :� CpGq, ∆ : CpGq Ñ CpGq b CpGq � CpG � Gq,
∆pf qpx, yq � f pxyq.


 Γ discrete group, A :� C�
r pΓq � L1pΓq

∥�∥r ,
∆pλγq � λγ b λγ P C

�
r pΓq b C�

r pΓq � C�
r pΓ� Γq.
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Compact quantum groups


 All our quantum groups are assumed coamenable, i.e.

 the counit ϵ : A Ñ C is a state,


 pϵb IAq∆paq � pIA b ϵq∆paq � a,

 and the Haar state h : A Ñ C is faithful,


 ph b IAq∆paq � pIA b hq∆paq � hpaq1A.

 Set H :� L2pGq :� GNSpA,hq.
⇝ NB. A � BpHq.


 The comultiplication ∆ : A Ñ A b A is implemented by the
multiplicative unitaries W, V P BpH b Hq:

∆paq � Wpa b 1AqW� � Vp1A b aqV�

Peter–Weyl truncations | Malte Leimbach
Page 16/29



Compact quantum groups

 All our quantum groups are assumed coamenable, i.e.


 the counit ϵ : A Ñ C is a state,

 pϵb IAq∆paq � pIA b ϵq∆paq � a,


 and the Haar state h : A Ñ C is faithful,

 ph b IAq∆paq � pIA b hq∆paq � hpaq1A.


 Set H :� L2pGq :� GNSpA,hq.
⇝ NB. A � BpHq.


 The comultiplication ∆ : A Ñ A b A is implemented by the
multiplicative unitaries W, V P BpH b Hq:

∆paq � Wpa b 1AqW� � Vp1A b aqV�

Peter–Weyl truncations | Malte Leimbach
Page 16/29



Compact quantum groups

 All our quantum groups are assumed coamenable, i.e.


 the counit ϵ : A Ñ C is a state,

 pϵb IAq∆paq � pIA b ϵq∆paq � a,


 and the Haar state h : A Ñ C is faithful,

 ph b IAq∆paq � pIA b hq∆paq � hpaq1A.


 Set H :� L2pGq :� GNSpA,hq.
⇝ NB. A � BpHq.


 The comultiplication ∆ : A Ñ A b A is implemented by the
multiplicative unitaries W, V P BpH b Hq:

∆paq � Wpa b 1AqW� � Vp1A b aqV�

Peter–Weyl truncations | Malte Leimbach
Page 16/29



Compact quantum groups

 All our quantum groups are assumed coamenable, i.e.


 the counit ϵ : A Ñ C is a state,

 pϵb IAq∆paq � pIA b ϵq∆paq � a,


 and the Haar state h : A Ñ C is faithful,

 ph b IAq∆paq � pIA b hq∆paq � hpaq1A.


 Set H :� L2pGq :� GNSpA,hq.
⇝ NB. A � BpHq.


 The comultiplication ∆ : A Ñ A b A is implemented by the
multiplicative unitaries W, V P BpH b Hq:

∆paq � Wpa b 1AqW� � Vp1A b aqV�

Peter–Weyl truncations | Malte Leimbach
Page 16/29



Peter–Weyl decomposition and
truncations

Theorem [“Peter–Weyl decomposition”]. The Hilbert space H and the
multiplicative unitaries W, V decompose as W �

À
γPIrrpGq uγ ,

V �
À

γPIrrpGq uγ and

H �
à

γPIrrpGq
Hγ b Hγ.

Corollary. For the orthogonal projections P : H Ñ Hγ b Hγ , γ P IrrpGq, we
have

rW,Pγ b IHs � rV, IH b Pγs � 0.
Definition. For Λ � IrrpGq, PΛ :�

À
γPΛ Pγ , define

ApΛq :� PΛAPΛ � BpPΛHq.
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Induced coactions

Denote by τ : A Ñ ApΛq, τpaq :� PΛaPΛ the compression map.

Theorem. The comultiplication ∆ : A Ñ A b A induces coactions
α : ApΛq Ñ ApΛq b A, β : ApΛq Ñ A b ApΛq:

pτ b IAq∆ � ατ and pIA b τq∆ � βτ.


 α, β cocommute: pβ b IAqα � pIA b αqβ.


 α, β are ergodic: pAΛqα � C1ApΛq , for the fixed point set

pAΛqα :� tx P ApΛq | αpxq � x b 1Au.
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Invariant lip-norms

Let LA : A Ñ r0,8s be a lip-norm, which is regular (i.e. DompLAq � OpGq)
and bi-invariant, i.e.

LAppI b µq∆paqq ¤ LApaq
LAppµb Iq∆paqq ¤ LApaq,

for all a P A, µ P SpAq.

Proposition [Rieffel, Li]. Invariant regular lip-norms exist.

Example. pCpGq,Lipdq, where

 G compact group,

 d bi-invariant metric: dpgh,gh1q � dphg,h1gq � dph,h1q.
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Induced lip-norms

Lemma. There is an induced slip-norm Lα
ApΛq , which is invariant, i.e.:

Lα
ApΛqppI

ApΛq b µqαpxqq ¤ Lα
ApΛqpxq,

for all x P ApΛq, µ P SpAq. Namely,

Lα
ApΛqpxq :� sup

ϕPSpApΛqq
LAppϕb IAqαpxqq.

Theorem. The slip-norm Lα
ApΛq is a regular lip-norm on ApΛq. Analogously for

Lβ

ApΛq and Lα,β

ApΛq :� maxtLα
ApΛq , L

β

ApΛqu.

Proof by ergodicity of the coactions on ApΛq and a theorem of Li’s.
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Peter–Weyl truncations as CQMS

Corollary. The Peter–Weyl truncation pApΛq, Lα,β

ApΛqq is a compact quantum
metric space with bi-invariant lip-norm Lα,β

ApΛq .

Question. Convergence pApΛq, Lα,β

ApΛqq Ñ pA, LAq?

 Need lip-norm contractive ucp maps τ : A Ø ApΛq : σ, such that

}στpaq � a} ¤ εLApaq and }τσpxq � x} ¤ εLα,β

ApΛqpxq.


 Candidates for σ:

σϕpxq :� pϕb IAqαpxq,

for all x P ApΛq and appropriate ϕ P SpApΛqq.

 σϕτpaq � pτ�ϕb IAq∆paq, τσϕpxq � pϕb τqαpxq.
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Lip-norm estimate of slice maps

Focus on σϕτpaq � pτ�ϕb IAqαpaq � τ�ϕpap0qqap1q.

NB. τ� : SpApΛqq ãÑ SpAq.

Slice map lemma. For all µ, ν P SpAq, the following holds:
}µpap0qqap1q � νpap0qqap1q} ¤ 2dLApµ, νqLApaq (�)

Corollary. For all a P A, ϕ P SpApΛqq, the following holds:
}σϕτpaq � a} � }τ�ϕpap0qqap1q � ϵpap0qqap1q} ¤ 2dLApτ�ϕ, ϵqLApaq

Corollary. Let ε ¡ 0. Then there is Λ � pG finite, ϕ P SpApΛqq such that
}σϕτpaq � a} ¤ εLApaq.
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Proof of the slice map lemma

Slice map lemma. For all µ, ν P SpAq, the following holds:
}µpap0qqap1q � νpap0qqap1q} ¤ 2dLApµ, νqLApaq (�)

Proof.

 By Kadison function representation and Fubini for slice maps:

}ϕpap0qqap1q} ¤ 2 sup
θPSpAq

|ϕpap0qqθpap1qq|,

for all a P A, ϕ P A�.

 Recall: dLApµ, νq :� supbPAzC1A

|pµ�νqpbq|
LApbq . Therefore,

}pµ� νqpap0qqap1q} ¤ 2 sup
θPSpAq

|pµ� νqpap0qθpap1qqq|

¤ 2 sup
θPSpAq

LApap0qθpap1qqqdLApµ, νq ¤ 2LApaqdLApµ, νq.
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Convergence of Peter–Weyl truncations

Theorem [L]. Let G be a coamenable CQG and LA a bi-invariant regular
lip-norm on A � CpGq. Then the Peter–Weyl truncations convergence in
complete Gromov–Hausdorff distance, along the net of (finite) subsets
Λ � IrrpGq:

pApΛq, Lα,β

ApΛqq
Λ
Ñ pA, LAq

arXiv:2409.16698
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Outlook: Fourier truncations
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Fourier truncations

Definition. Let Λ � pG such that Λ � Λ and 1 P Λ. Then the operator system
CpGqpΛq :�

À
γPΛ CrGsγ � CpGq is called a Fourier truncation of G.

Theorem [Rieffel]. Let G be a coamenable compact matrix quantum
group and L a right-invariant regular lip-norm on A � CpGq. Then the
following sequence of Fourier truncations converges in quantum
Gromov–Hausdorff distance:

pApΛbnq, L|ApΛbnq
q

nÑ8
Ñ pA, Lq
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Duality

Proposition [Connes–van Suijlekom,Farenick]. The operator systems
CpT1qpNq and CpT1qpNq are dual.

Proof.
The duality is given by:

ppti�jqi,j, p. . . ,0, f�N�1, . . . , fN�1,0, . . . qq :�
N�1̧

k��N�1

tkfk

Complete positivity of this pairing follows from the operator valued
Fejér–Riesz lemma.

NB. Fejér–Riesz lemma not available for many groups other than T1.
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Propagation number

Definition. Let X be an operator system. A C�-extension is a C�-algebra B
together with a unital complete order embedding ι : X ãÑ B such that
B � C�pιpXqq. The injective envelope pC�

envpXq, ιq is the unique C�-extension
of X such that any ucp map ϕ : C�

envpXq Ñ B is a unital complete order
embedding if and only if ϕ � ι is.

Remark. If X generates a simple C�-algebra this is the C�-envelope.

Definition [Connes-van Suijlekom]. The propagation number proppXq is
the smallest integer n ¥ 1 such that products of n elements of ιpXq span a
dense subset of C�

envpXq.

Proposition [Connes–van Suijlekom, L–van Suijlekom]. For all d ¥ 1, we
have C�

envpCpTdqpΛqq � BpPΛL
2pSTdqq and proppCpTdqpΛqq � 2.
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Outlook

Question. What are the propagation numbers of the operator systems
CpGqpΛq?

Question. What is the relation of spectral/Peter–Weyl and Fourier
truncations?

(Current project: Relate the question about duality of the operator
systems CpGqpΛq and CpGqpΛq to the extension problem of positive definite
functions on (finite) subsets of (discrete) groups.)

Question. Peter–Weyl truncations of quantum homogeneous spaces?
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