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Spectral triples

Definition. A spectral triple is a triple (A, H, D) consisting of a Hilbert
space H, a unital *-algebra A < B(H) and an essentially self-adjoint
operator D : H 2 Dom(D) — H such that

* [D,a] e B(H),foralla e A,

* (D+ i)™ e K(H).
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Definition. A spectral triple is a triple (A, H, D) consisting of a Hilbert
space H, a unital *-algebra A < B(H) and an essentially self-adjoint
operator D : H 2 Dom(D) — H such that

* [D,a] e B(H),foralla e A,

* (D+1i)"e K(H).
Example. (C*(M),1.2(Sy), Du), where

* M compact Riemannian spin manifold,

* Sy spinor bundle,

* Dy spin Dirac operator.
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Spectral triples

Definition. A spectral triple is a triple (A, H, D) consisting of a Hilbert
space H, a unital *-algebra A < B(H) and an essentially self-adjoint
operator D : H 2 Dom(D) — H such that

* [D,a] e B(H), forallae A,

* (D+ i)™ e K(H).
Example. (C*(M),1.2(Sy), Du), where

* M compact Riemannian spin manifold,

* Sy spinor bundle,

* Dy spin Dirac operator.
Theorem [CONNES '96-"13]. If (A, H, D) is a commutative unital spectral
triple (+ extra structure and conditions), then

(A,H,D) = (C*(M),L*(Su), Dm).

Peter-Weyl truncations | Malte Leimbach
Page 2/29



Distance formula

Peter-Weyl truncations | Malte Leimbach
Page 3/29



Distance formula

Proposition [CONNES]. Let M be a compact Riemannian spin manifold.
Then:

du(x,y) = sup [f(x) —f(y)l

Il [Dwm f111 <1
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Distance formula
Proposition [CONNES]. Let M be a compact Riemannian spin manifold.

Then:
du(x,y) = sup [f(x) —f(y)l

Il [Dwm f111 <1

Idea of proof.

Peter-Weyl truncations | Malte Leimbach
Page 3/29



Distance formula
Proposition [CONNES]. Let M be a compact Riemannian spin manifold.

Then:
du(x,y) = sup [f(x) —f(y)|
I [Dm f1ll<
Idea of proof. I
“=" follows from ||[Du, f]|| = Lipg,, (f)- m,)/

3
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Distance formula
Proposition [CONNES]. Let M be a compact Riemannian spin manifold.

Then:
du(x,y) = sup [f(x) —f(y)|
I [Dm f1ll<
Idea of proof. I
“=" follows from ||[Du, f]|| = Lipg,, (f)- f(‘)/
“<” by taking f(z) := du(x, 2). ’ b
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Distance formula
Proposition [CONNES]. Let M be a compact Riemannian spin manifold.

Then:
du(x,y) = sup [f(x) —f(y)|
I [Dm f1ll<
Idea of proof. I
“=" follows from ||[Du, f]|| = Lipg,, (f)- M/
“<" by taking f(2) := du(x, 2). T

Definition. Let (A, H, D) be a unital spectral triple. Then the
Monge-Kantorovich distance on the state space S(A) is defined as

dPAlu, vy = sup  |u(a) —v(a)l.

I[D,a]ll<1
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Spectral truncations

[CONNES-VAN SUIJLEKOM "20]
* Spectral triple (A, H, D).
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Spectral truncations

[CONNES-VAN SUIJLEKOM "20]

* Spectral triple (A, H, D).
* Obstruction on spectral resolution of D:

>

~» Spectral projection P = P? = P* € B(H).
~ Spectral truncation (PAP, PH, PDP).

——
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Spectral truncations

[CONNES-VAN SUIJLEKOM "20]

* Spectral triple (A, H, D).
* Obstruction on spectral resolution of D:

A A
~ Spectral projection P = P? = P* € B(H). fH HH— H]
~ Spectral truncation (PAP, PH, PDP). I 1
NB.
* PAP < B(PH) is an operator system:
o IPHc pAP,

* (PAP)* = PAP.
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A A
~ Spectral projection P = P? = P* € B(H). fH HH— H]
~ Spectral truncation (PAP, PH, PDP). I 1
NB.
* PAP < B(PH) is an operator system:
o IPHc pAP,
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Spectral truncations

[CONNES-VAN SUIJLEKOM "20]

* Spectral triple (A, H, D).
* Obstruction on spectral resolution of D:

A A
~» Spectral projection P = P? = P* € B(H). f” H } i I { H H]
~ Spectral truncation (PAP, PH, PDP). I ]
NB.
* PAP < B(PH) is an operator system:
o IPHe PAP,

* (PAP)* = PAP.
* States on PAP and distance d![PPP-1ll make sense.
Question. Do spectral truncations converge, as P — I1?
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Examples

* Spectral truncations of T [VAN SUIJLEKOM, HEKKELMAN].
* Spectral truncations of groups with polynomial growth [ToyoTAl

* Peter-Weyl truncations of compact groups [GAUDILLOT-ESTRADA-VAN
SUIJLEKOM].

* Fourier truncations of T [VAN SUIJLEKOM].

* Fourier truncations of ergodic coactions of compact matrix quantum
groups [RIEFFEL].
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Compact quantum metric spaces
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Compact quantum metric spaces

Definition. An (extended) seminorm Ly : X — [0, 0] on an operator system
X, such that Dom(Ly) := {x € X | Lx(x) < oo} is dense in X, Lx(x*) = Lx(x), for
all x e X, and Lx(1x) = o is called a slip-norm.
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Compact quantum metric spaces

Definition. An (extended) seminorm Ly : X — [0, 0] on an operator system
X, such that Dom(Ly) := {x € X | Lx(x) < oo} is dense in X, Lx(x*) = Lx(x), for
all x e X, and Lx(1x) = o is called a slip-norm. It is a lip-norm, if the
induced Monge-Kantorovich distance

d™(¢,9) == sup |p(x) — ¥(x)]

Lx(x)<1

on S(X) metrizes the weak*-topology.
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all x e X, and Lx(1x) = o is called a slip-norm. It is a lip-norm, if the
induced Monge-Kantorovich distance

d™(¢, ) == sup [p(x) — p(x)]

Lx(x)<1

on S(X) metrizes the weak*-topology.

Definition [RIEFFEL]. An operator system X with a lip-norm Ly is called a
compact quantum metric space (CQMS).
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Compact quantum metric spaces

Definition. An (extended) seminorm Ly : X — [0, 0] on an operator system
X, such that Dom(Ly) := {x € X | Lx(x) < oo} is dense in X, Lx(x*) = Lx(x), for
all x e X, and Lx(1x) = o is called a slip-norm. It is a lip-norm, if the
induced Monge-Kantorovich distance

d™(¢, ) == sup [p(x) — p(x)]

Lx(x)<1

on S(X) metrizes the weak*-topology.

Definition [RIEFFEL]. An operator system X with a lip-norm Ly is called a
compact quantum metric space (CQMS).

Definition. Let (X, Lx), (Y,Ly) be CQMS. A morphismisaucp map®: X — Y
such that Ly(®(x)) < CLx(x).

Peter-Weyl truncations | Malte Leimbach
Page 7/29



Gromov-Hausdorff distance
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Gromov-Hausdorff distance
Let (X, Lx), (Y, Ly) be compact quantum metric spaces.
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Gromov-Hausdorff distance
Let (X, Lx), (Y, Ly) be compact quantum metric spaces.

Definition [CONNES-VAN SulJLEKOM]. The Gromov-Hausdorff distance is
diStGH((X, Lx), (Y, Ly)) = dlStGH(S(X), S(Y))
= inf dist% (S(X), S(Y)).

d metric on S(X)uS(Y)
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Gromov-Hausdorff distance
Let (X, Lx), (Y, Ly) be compact quantum metric spaces.

Definition [CONNES-VAN SulJLEKOM]. The Gromov-Hausdorff distance is
diStGH((X, Lx), (Y, Ly)) = dlStGH(S(X), S(Y))
= inf dist% (S(X), S(Y)).

d metric on S(X)uS(Y)
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Quantum Gromov-Hausdorff distance
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Quantum Gromov-Hausdorff distance

Let (X, Lx), (Y, Ly) be compact quantum metric spaces.
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Quantum Gromov-Hausdorff distance

Let (X, Lx), (Y, Ly) be compact quantum metric spaces.

Definition. A lip-norm L on X® Y is admissible if L|x = Ly and L|y = Ly.
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Quantum Gromov-Hausdorff distance

Let (X, Lx), (Y, Ly) be compact quantum metric spaces.
Definition. A lip-norm L on X® Y is admissible if L|x = Ly and L|y = Ly.

Definition [RIEFFEL]. The quantum Gromov-Hausdorff distance is

distd (X, Lx), (Y, Ly)) := inf  distd (S(X), S(Y)).

L admissible
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Quantum Gromov-Hausdorff distance

Let (X, Lx), (Y, Ly) be compact quantum metric spaces.
Definition. A lip-norm L on X® Y is admissible if L|x = Ly and L|y = Ly.

Definition [RIEFFEL]. The quantum Gromov-Hausdorff distance is

distd (X, Lx), (Y, Ly)) := inf  distd (S(X), S(Y)).

L admissible

Remark. distgy < distly.
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Quantum Gromov-Hausdorff distance

Let (X, Lx), (Y, Ly) be compact quantum metric spaces.
Definition. A lip-norm L on X® Y is admissible if L|x = Ly and L|y = Ly.

Definition [RIEFFEL]. The quantum Gromov-Hausdorff distance is

distd (X, Lx), (Y, Ly)) := inf  distd (S(X), S(Y)).

L admissible

Remark. distqy < distéy. But the distances distgy and dist¢,; are not
equivalent [KAAD-KYED '23].
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Complete Gromov-Hausdorff distance
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Complete Gromov-Hausdorff distance
Let (X, Lx), (Y, Ly) be compact quantum metric spaces.
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Complete Gromov-Hausdorff distance
Let (X, Lx), (Y, Ly) be compact quantum metric spaces.

Definition [KERR-LI]. The complete Gromov-Hausdorff distance is

distd (X, Lx), (Y, Ly)) :=  inf_ supdistd”"(Sn(X), Sn(Y)).

L admissible peN
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Complete Gromov-Hausdorff distance
Let (X, L), (Y, Ly) be compact quantum metric spaces.

Definition [KERR-LI]. The complete Gromov-Hausdorff distance is

distd (X, Lx), (Y, Ly)) :=  inf_ supdistd”"(Sn(X), Sn(Y)).

L admissible peN

Remark. distgy < distdy < distgy.
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Complete Gromov-Hausdorff distance
Let (X, L), (Y, Ly) be compact quantum metric spaces.
Definition [KERR-LI]. The complete Gromov-Hausdorff distance is

distd (X, Lx), (Y, Ly)) :=  inf_ supdistd”"(Sn(X), Sn(Y)).

L admissible peN
Remark. distgy < distdy < distgy.

Theorem [KERR]. Assume that the lip-norms Ly, Ly are closed (i.e. Dom,(L)
closed in X,). Then disty,, ((X, Lx), (Y, Ly)) = o if and only if there is a
bi-lip-isometric unital complete order isomorphism X — Y.

Peter-Weyl truncations | Malte Leimbach
Page 10/29



Complete Gromov-Hausdorff distance
Let (X, L), (Y, Ly) be compact quantum metric spaces.

Definition [KERR-LI]. The complete Gromov-Hausdorff distance is

distd (X, Lx), (Y, Ly)) :=  inf_ supdistd”"(Sn(X), Sn(Y)).

L admissible peN
Remark. distgy < distdy < distgy.

Theorem [KERR]. Assume that the lip-norms Ly, Ly are closed (i.e. Dom,(L)
closed in X,). Then disty,, ((X, Lx), (Y, Ly)) = o if and only if there is a
bi-lip-isometric unital complete order isomorphism X — Y.

Theorem [KERR-LI]. The set of isometry classes (appropriately defined
using closures of lip-norms) of compact quantum metric spaces with
distg,y 1S a complete metric space.
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Control of complete Gromov-Hausdorff
distance
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Control of complete Gromov-Hausdorff
distance

Proposition [RIEFFEL ‘04, (KERR '03), VAN SUIJLEKOM "21, KAAD-KYED "22]. Let
(X,Lx) and (Y, Ly) be CQMS, ¢ > 0. Suppose that there are lip-norm
contractive morphisms 7 : X — Y and o : Y — X such that

loT(x) — x| < elx(x) and [ro(y) —y| < eLyv(y).
Then distS (X, Ly), (Y, Ly)) < &
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Peter-Weyl truncations of compact quantum groups
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Peter-Weyl truncations of compact
groups
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Peter-Weyl truncations of compact
groups

* G compact group with bi-invariant metric
d(pg, ph) = d(gp,hp) = d(g, h).
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Peter-Weyl truncations of compact
groups
* G compact group with bi-invariant metric

d(pg, ph) = d(gp, hp) = d(g, h).
« Wye(h) = £(gh), Vo (h) = £(hg), for all ¢ € L2(G), g, h € G.
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Peter-Weyl truncations of compact
groups
* G compact group with bi-invariant metric
d(pg, ph) = d(gp,hp) = d(g. h).
« Wye(h) := £(g7h), Vyé(h) == ¢(hg), for all £ e 12(G), g, h € G.
* Actions of G on C(G) < B(L?(G)):

AgMy 1= WngWZ = Msg—y,  pgMy = VngVZ = Ms(.q)
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Peter-Weyl truncations of compact
groups

* G compact group with bi-invariant metric

d(pg,ph) = d(gp, hp) = d(g, h).
* Weé(h) :=£(g7h), Vgé(h) := £(hg), for all € € 12(G), g, h € G.
* Actions of G on C(G) < B(L?(G)):

AgMy = WgMsWg = My(g—ry,  pgMs := VgM;Vy = My (g
* W,, V4 are block-diagonal for Peter-Weyl decomposition:

12(6) = PH, ©F,

G
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Peter-Weyl truncations of compact
groups
* G compact group with bi-invariant metric
d(pg, ph) = d(gp,hp) = d(g. h).

Wgé(h) :=&(g'h), Vg&(h) := &(hg), for all € € L?(G), g, h € G.
Actions of G on C(G) < B(L?*(G)):

AgMy 1= WngWZ = Msg—y,  pgMy = VngVQI= = Ms(.q)

Wy, V, are block-diagonal for Peter-Weyl decomposition:

L2(G) = @ H, ®H_v
veG
P, € B(L?(G)) orthogonal projection to L?(G), := P
A < Irr(G) (finite).

H,® H,, for

~yeN
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Peter-Weyl truncations of compact
groups
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Peter-Weyl truncations of compact
groups

* Set C(G)™ := PAC(G)Pa < B(L?(G)n).
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Peter-Weyl truncations of compact
groups

* Set C(G)™ := PAC(G)Pa < B(L?(G)n).
» The Lipschitz constant can be recovered using the actions ), p:

oy = sup P9 = A _ e () — pn(F)]
WS  digh) b dioh)
— [l —Ifl,
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Peter-Weyl truncations of compact
groups
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» The Lipschitz constant can be recovered using the actions ), p:

oy = sup P9 = A _ e () — pn(F)]
WS  digh) b dioh)
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e Setting | - |[», := max{| - |, ]| - [|,} makes sense on B(L?*(G)).
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Peter-Weyl truncations of compact
groups

* Set C(G)™ := PAC(G)Pa < B(L?(G)n).
» The Lipschitz constant can be recovered using the actions ), p:

oy = sup P9 = A _ e () — pn(F)]
WS  digh) b dioh)
— [l —Ifl,

e Setting | - |[», := max{| - |, ]| - [|,} makes sense on B(L?*(G)).
* The restriction of || - |, , to C(G)™ defines a Lip-norm.
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Peter-Weyl truncations of compact
groups

* Set C(G)™ := PAC(G)Pa < B(L?(G)n).
» The Lipschitz constant can be recovered using the actions ), p:

oy = sup P9 = A _ e () — pn(F)]
WS  digh) b dioh)
— [l —Ifl,

e Setting | - |[», := max{| - |, ]| - [|,} makes sense on B(L?*(G)).
* The restriction of || - |, , to C(G)™ defines a Lip-norm.

Theorem [GAUDILLOT-ESTRADA-VAN SUlJLEKOM]. The net of metric spaces

(S(C(G)M), dIhr) rc1rr(6), a1 <0 CONVETGES tO (S(C(G)), dIIrr) in
Gromov-Hausdorff distance.
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Compact quantum groups

Definition [WoroNoOwiICz]. A compact quantum group is a separable unital
C*-algebra A (“= C(G)") together with a unital *-homomorphism
A:A— A®Asuch that

c (AQWA = (FQAA,
o span((1a ® A)A(A)) = span((A®@12)A(A)) = AQA.
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Compact quantum groups

Definition [WoroNoOwiICz]. A compact quantum group is a separable unital
C*-algebra A (“= C(G)") together with a unital *-homomorphism
A:A— A®Asuch that

s (AQMA = (PR A)A,
* span((1L ®A)A(A)) =span((A®1)A(A)) = ARA.
Examples.
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Compact quantum groups

Definition [WoroNoOwiICz]. A compact quantum group is a separable unital
C*-algebra A (“= C(G)") together with a unital *-homomorphism
A:A— A®Asuch that

c (AQPA = (PR A)A,
* span((1a ®A)A(A)) = Span((A®1a)A(A)) = A®A.
Examples.
» G compact group, A := C(G), A : C(G) — C(G) ® C(G) = C(G x G),
Af)x.y) = f(xy).
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Compact quantum groups

Definition [WoroNoOwiICz]. A compact quantum group is a separable unital
C*-algebra A (“= C(G)") together with a unital *-homomorphism
A:A— A®Asuch that
c (AQWA = (FQAA,
* span((a @ A)A(A)) = span((AQ 14)A(A)) = AQA.
Examples.
» G compact group, A := C(G), A : C(G) — C(G) ® C(G) = C(G x G),
Af)(xy) =fxy).
* [ discrete group, A := C*(I') = 1" r)” I-
AM) = A ®@ A, € CHM) @ CHT) = C (T x T,
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Compact quantum groups
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Compact quantum groups

* All our quantum groups are assumed coamenable, i.e.
 the counite : A — C is a state,
s (e@WA(a) = (P®e)A(a) = q,
 and the Haar state h : A — C is faithful,
s (h@™A(a) = (P®h)A(a) = h(a)1a.
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Compact quantum groups

* All our quantum groups are assumed coamenable, i.e.
 the counite : A — C is a state,
s (e@WA(a) = (P®e)A(a) = q,
 and the Haar state h : A — C is faithful,
s (h@™A(a) = (P®h)A(a) = h(a)1a.
* Set H:= L*(G) := GNS(A, h).
~ NB. A C B(H)
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Compact quantum groups

* All our quantum groups are assumed coamenable, i.e.
 the counite : A — C is a state,
s (e@WA(a) = (P®e)A(a) = q,
 and the Haar state h : A — C is faithful,
s (h@™A(a) = (P®h)A(a) = h(a)1a.
* Set H:= L*(G) := GNS(A, h).
~ NB. A C B(H)

* The comultiplication A: A —- A®A is implemented by the
multiplicative unitaries W,V € B(H® H):

A(a) =W@a@1)W* =V(1,®a)V*
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Peter-Weyl decomposition and
truncations
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Peter-Weyl decomposition and

truncations
Theorem [“Peter-Weyl decomposition”]. The Hilbert space H and the
multiplicative unitaries W,V decompose as W = @ ¢, U
V= @Velrr((@) u” and
H= P H,®H,.

~elrr(G)
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Peter-Weyl decomposition and
truncations

Theorem [“Peter-Weyl decomposition”]. The Hilbert space H and the
multiplicative unitaries W,V decompose as W = @ ¢, U

V= @’yelrr(G) ui and
H= P H,®H,.
~elrr(G)
Corollary. For the orthogonal projections P: H — H, ® H,, v € Irr(G), we
have

W,P, 1" =[V,I"®P,] =0.
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Peter-Weyl decomposition and
truncations

Theorem [“Peter-Weyl decomposition”]. The Hilbert space H and the
multiplicative unitaries W,V decompose as W = @ ¢, U

V= @’yelrr(G) ui and
H= P H,®H,.

~elrr(G)

Corollary. For the orthogonal projections P: H — H, ® H,, v € Irr(G), we
have

W,P, 1" =[V,I"®P,] =0.
Definition. For A < I11(G), Pa := @D, P,, define
AN .= PAAP\ < B(PAH).
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Induced coactions
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Induced coactions

Denote by 7 : A — AW, 7(a) := PpaP, the compression map.
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Induced coactions

Denote by 7 : A — AW, 7(a) := PpaP, the compression map.

Theorem. The comultiplication A : A - A®A induces coactions
a: AN 5 AN QA B AN 5 AR AN

(T@MA =arand (P®71)A = BT

* a, B cocommute: (BRP)a = (M® a)p.
* a, B are ergodic: (AM)* = C1,n), for the fixed point set

(AN = {x e AWM | a(x) = xR 14}
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Invariant lip-norms

Peter-Weyl truncations | Malte Leimbach
Page 19/29



Invariant lip-norms

Let L, : A — [0, 0] be a lip-norm, which is regular (i.e. Dom(Ls) 2 O(G))
and bi-invariant, i.e.

forallae A, e S(A).
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Invariant lip-norms

Let L, : A — [0, 0] be a lip-norm, which is regular (i.e. Dom(Ls) 2 O(G))
and bi-invariant, i.e.

forallae A, e S(A).

Proposition [RIEFFEL, Li]. Invariant regular lip-norms exist.
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Invariant lip-norms

Let L, : A — [0, 0] be a lip-norm, which is regular (i.e. Dom(Ls) 2 O(G))
and bi-invariant, i.e.

forallae A, e S(A).
Proposition [RIEFFEL, Li]. Invariant regular lip-norms exist.

Example. (C(G), Lip,), where
* G compact group,
* d bi-invariant metric: d(gh, gh’) = d(hg,h’g) = d(h, h’).
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Induced lip-norms
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Induced lip-norms
Lemma. There is an induced slip-norm L%, which is invariant, i.e.:

aon (K © (%)) < Ly (),
forall x e AN, ;e S(A). Namely,

i) = sip L((6©P)a(x)
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Induced lip-norms

Lemma. There is an induced slip-norm L%, which is invariant, i.e.:

an (P @ pa(x) < Lo (x),
forall x e AN, ;e S(A). Namely,
Lin() = sup La((6 @ P)a(x)).

$ES(AM)

Theorem. The slip-norm L5, is a regular lip-norm on A™. Analogously for
Ly and Ly = max{Lg, Ly }-
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Induced lip-norms

Lemma. There is an induced slip-norm L%, which is invariant, i.e.:
s (P @ p)a(x)) < L (%),

forall x e AN, ;e S(A). Namely,

Law (%) := sup  La((¢ @ )a(x)).

$ES(AM)

Theorem. The slip-norm L, (A) is a regular lip-norm on A™. Analogously for
Ly and Ly = max{Lg, Ly }-

Proof by ergodicity of the coactions on A® and a theorem of LI’s. O
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Peter-Weyl truncations as CQMS
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Peter-Weyl truncations as CQMS

Corollary. The Peter-Wey! truncation (A™, L)) is a compact quantum

metric space with bi-invariant lip-norm L3 .
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Peter-Weyl truncations as CQMS

Corollary. The Peter-Wey! truncation (A™, L)) is a compact quantum

metric space with bi-invariant lip-norm L3 .

Question. Convergence (AN, L%7) — (A, La)?
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Peter-Weyl truncations as CQMS

Corollary. The Peter-Wey! truncation (A™, L)) is a compact quantum

metric space with bi-invariant lip-norm L3 .

Question. Convergence (AN, L%7) — (A, La)?
* Need lip-norm contractive ucp maps 7 : A « AN : g, such that

lor(a) — a|| < ela(a) and |ro(x) — x| < angf) ().
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Peter-Weyl truncations as CQMS

Corollary. The Peter-Wey! truncation (A™, L)) is a compact quantum
metric space with bi-invariant lip-norm L3 .
Question. Convergence (AN, L%7) — (A, La)?

* Need lip-norm contractive ucp maps 7 : A « AN : g, such that

lor(a) — a|| < ela(a) and |ro(x) — x| < angf) ().

* Candidates for o:
o?(x) :== (¢ @ M)a(x),

for all x e AWM and appropriate ¢ € S(AM).
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Peter-Weyl truncations as CQMS

Corollary. The Peter-Wey! truncation (A™, L)) is a compact quantum

metric space with bi-invariant lip-norm L3 .

Question. Convergence (AN, L%7) — (A, La)?
* Need lip-norm contractive ucp maps 7 : A <> AN : ¢, such that
lor(a) — a|| < ela(a) and |ro(x) — x| < angf) ().
 Candidates for o:
(%) == (p®P)a(x),

for all x e AWM and appropriate ¢ € S(AM).
e o%7(a) = (T*o @ )A(a), To?(X) = (¢ ® T)a(X).
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Lip-norm estimate of slice maps
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Lip-norm estimate of slice maps
Focus on o%7(a) = (*¢ @ M)a(a) = 7*¢(a(0))a(a).

NB. 7* : S(AM) — S(A).
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Lip-norm estimate of slice maps
Focus on o%7(a) = (*¢ @ M)a(a) = 7*¢(a(0))a(a).
NB. 7* : S(AM) — S(A).

Slice map lemma. For all i, v € S(A), the following holds:
l1(ae))am — v(ae)agm| < 2d*(u, v)La(a)
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Lip-norm estimate of slice maps

Focus on o%7(a) = (*¢ @ M)a(a) = 7*¢(a(0))a(a).

NB. 7* : S(AM) — S(A).

Slice map lemma. For all i, v € S(A), the following holds:

|1(ac0)) Ay — v(Q(o)) Ay | < 2d" (11, v)La(Q)

Corollary. Forall a e A, ¢ € S(AM), the following holds:
lo®r(a) — al = [7"¢(aw))am — €(ao) A | < 2d™ (7", €)La(a)
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Lip-norm estimate of slice maps

Focus on o%7(a) = (*¢ @ M)a(a) = 7*¢(a(0))a(a).

NB. 7* : S(AM) — S(A).

Slice map lemma. For all i, v € S(A), the following holds:

|1(ac0)) Ay — v(Q(o)) Ay | < 2d" (11, v)La(Q)

Corollary. Forall a e A, ¢ € S(AM), the following holds:
lo®r(a) — al = [7"¢(aw))am — €(ao) A | < 2d™ (7", €)La(a)

Corollary. Let ¢ > 0. Then there is A < G finite, ¢ € S(AW) such that
|o?7(a) — a] < cLa(a).
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Proof of the slice map lemma
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Proof of the slice map lemma
Slice map lemma. For all i, v € S(A), the following holds:
l1(ae))am — v(ae)am| < 2d*(u, v)La(a)
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Proof of the slice map lemma
Slice map lemma. For all i, v € S(A), the following holds:
l1(ao))agy — v(a))ae| < 2d*(u, v)La(a)

Proof.
* By Kadison function representation and Fubini for slice maps:

p(aey)amll <2 sup |é(aey)b(anm)l,
0eS(A)

forallaeA, ¢ € A*.
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Proof of the slice map lemma
Slice map lemma. For all i, v € S(A), the following holds:
l1(ao))agy — v(a))ae| < 2d*(u, v)La(a)

Proof.
* By Kadison function representation and Fubini for slice maps:

p(aey)amll <2 sup |é(aey)b(anm)l,
0eS(A)

forallaeA, ¢ € A*.

* Recall: d(p1, v) := suppency, LA

La(b)
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Proof of the slice map lemma
Slice map lemma. For all i, v € S(A), the following holds:
l1(ao))agy — v(a))ae| < 2d*(u, v)La(a) (+)

Proof.
* By Kadison function representation and Fubini for slice maps:

p(aey)amll <2 sup |é(aey)b(anm)l,
0eS(A)

forallaeA, ¢ € A*.

* Recall: d(p1, v) := suppence, LA Therefore,

|1 —v)(a))am| <2 sup |(1—v)(ap)d(agn)))]
0eS(A)

<2 sup La(ai0)0(a)))d™(u, v) < 2La(a)d™ (u,v).
0eS(A)
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Proof of the slice map lemma
Slice map lemma. For all i, v € S(A), the following holds:
l1(ao))agy — v(a))ae| < 2d*(u, v)La(a) (+)

Proof.
* By Kadison function representation and Fubini for slice maps:

p(aey)amll <2 sup |é(aey)b(anm)l,
0eS(A)

forallaeA, ¢ € A*.

* Recall: d(p1, v) := suppence, LA Therefore,

|1 —v)(a))am| <2 sup |(1—v)(ap)d(agn)))]
0eS(A)

<2 sup La(ai0)0(a)))d™(u, v) < 2La(a)d™ (u,v).
QES(A) D
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Convergence of Peter-Weyl truncations
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https://arxiv.org/abs/2409.16698

Convergence of Peter-Weyl truncations

Theorem [L]. Let G be a coamenable CQG and L, a bi-invariant regular

lip-norm on A = C(G). Then the Peter-Weyl truncations convergence in
complete Gromov-Hausdorff distance, along the net of (finite) subsets

A< Iir(G):

(AN L27) & (A, La)

arXiv:2409.16698
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https://arxiv.org/abs/2409.16698

Outlook: Fourier truncations
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Fourier truncations

Peter-Weyl truncations | Malte Leimbach
Page 26/29



Fourier truncations

Definition. Let A = G such that A = A and 1 € A. Then the operator system
C(G)n) := @D, C[G]” = C(G) is called a Fourier truncation of G.
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Fourier truncations

Definition. Let A = G such that A = A and 1 € A. Then the operator system
C(G)n) := @D, C[G]” = C(G) is called a Fourier truncation of G.

Theorem [RIEFFEL]. Let G be a coamenable compact matrix quantum
group and L a right-invariant regular lip-norm on A = C(G). Then the
following sequence of Fourier truncations converges in quantum
Gromov-Hausdorff distance:

(Anen, Llaen)) "= (A, L)
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Duality
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Duality

Proposition [CONNES-VAN SUIJLEKOM,FARENICK]. The operator systems
C(T")™ and C(T")(x) are dual.
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Duality

Proposition [CONNES-VAN SUIJLEKOM,FARENICK]. The operator systems
C(T")™ and C(T")(x) are dual.

Proof.
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Duality

Proposition [CONNES-VAN SUIJLEKOM,FARENICK]. The operator systems
C(T")™ and C(T")(x) are dual.

Proof.
The duality is given by:
N—1
((ti—j)iJ,(---,O,f7N+1,---,fN71,O,---)) = Z tkfk
R=—N+1
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Duality

Proposition [CONNES-VAN SUIJLEKOM,FARENICK]. The operator systems
C(T")™ and C(T")(x) are dual.

Proof.
The duality is given by:
N-—1
((tf—])f,j’ ( B 7O7f*N+‘la s >fo17 o,... )) = Z tkfk
R=—N+1

Complete positivity of this pairing follows from the operator valued
Fejér-Riesz lemma.
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Duality

Proposition [CONNES-VAN SUIJLEKOM,FARENICK]. The operator systems
C(T")™ and C(T")(x) are dual.

Proof.
The duality is given by:
N-—1
((tf—])f,j’ ( B 7O7f*N+‘la s >fo17 o,... )) = Z tkfk
R=—N+1

Complete positivity of this pairing follows from the operator valued
Fejér-Riesz lemma.
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Duality

Proposition [CONNES-VAN SUIJLEKOM,FARENICK]. The operator systems
C(T")™ and C(T")(x) are dual.

Proof.
The duality is given by:
N-—1
(ti)ijs (-0 f s fu0,0,.)) o= > tef
R=—N+1

Complete positivity of this pairing follows from the operator valued
Fejér-Riesz lemma.

NB. Fejér-Riesz lemma not available for many groups other than T".
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Propagation number
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Propagation number

Definition. Let X be an operator system. A C*-extension is a C*-algebra B
together with a unital complete order embedding . : X — B such that
B = C*(«(X)). The injective envelope (C*  (X),:) is the unique C*-extension
of X such that any ucp map ¢ : C* (X) — B is a unital complete order

env

embedding if and only if ¢ o ¢ is.
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Propagation number

Definition. Let X be an operator system. A C*-extension is a C*-algebra B
together with a unital complete order embedding . : X — B such that
B = C*(«(X)). The injective envelope (C*  (X),:) is the unique C*-extension
of X such that any ucp map ¢ : C* (X) — B is a unital complete order

env

embedding if and only if ¢ o ¢ is.

Remark. If X generates a simple C*-algebra this is the C*-envelope.
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Propagation number

Definition. Let X be an operator system. A C*-extension is a C*-algebra B
together with a unital complete order embedding . : X — B such that
B = C*(«(X)). The injective envelope (C*  (X),:) is the unique C*-extension
of X such that any ucp map ¢ : C* (X) — B is a unital complete order

env

embedding if and only if ¢ o ¢ is.
Remark. If X generates a simple C*-algebra this is the C*-envelope.

Definition [CONNES-VAN SuljLEKOM]. The propagation number prop(X) is
the smallest integer n > 1 such that products of n elements of .(X) span a
dense subset of C¥ _(X).
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Propagation number

Definition. Let X be an operator system. A C*-extension is a C*-algebra B
together with a unital complete order embedding . : X — B such that
B = C*(«(X)). The injective envelope (C*  (X),:) is the unique C*-extension
of X such that any ucp map ¢ : C* (X) — B is a unital complete order

env

embedding if and only if ¢ o ¢ is.
Remark. If X generates a simple C*-algebra this is the C*-envelope.

Definition [CONNES-VAN SuljLEKOM]. The propagation number prop(X) is
the smallest integer n > 1 such that products of n elements of .(X) span a
dense subset of C¥ _(X).

Proposition [CONNES-VAN SUIJLEKOM, L-VAN SuljLEKOM]. For all d = 1, we
have C?, (C(TY)N) = B(PAL?(St«)) and prop(C(T9)M) = 2,

env
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Outlook

Question. What are the propagation numbers of the operator systems
C(G)M?
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Outlook

Question. What are the propagation numbers of the operator systems
C(G)M?

Question. What is the relation of spectral/Peter-Weyl and Fourier
truncations?
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Outlook

Question. What are the propagation numbers of the operator systems
C(G)M?

Question. What is the relation of spectral/Peter-Weyl and Fourier
truncations?

(Current project: Relate the question about duality of the operator
systems C(G)™ and C(G) ) to the extension problem of positive definite
functions on (finite) subsets of (discrete) groups.)
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Outlook
Question. What are the propagation numbers of the operator systems
C(G)M?

Question. What is the relation of spectral/Peter-Weyl and Fourier
truncations?

(Current project: Relate the question about duality of the operator
systems C(G)™ and C(G) ) to the extension problem of positive definite
functions on (finite) subsets of (discrete) groups.)

Question. Peter-Weyl truncations of quantum homogeneous spaces?
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